Triangle singularity in $\tau \to f_1(1285)\pi\nu_\tau$ decay by Oset, E. & Roca, L.
ar
X
iv
:1
80
3.
07
80
7v
1 
 [h
ep
-p
h]
  2
1 M
ar 
20
18
Triangle singularity in τ → f1(1285)piντ decay
E. Oset
Departamento de F´ısica Teo´rica and IFIC, Centro Mixto Universidad de Valencia-CSIC
Institutos de Investigacio´n de Paterna, Aptdo. 22085, 46071 Valencia, Spain
L. Roca
Departamento de F´ısica, Universidad de Murcia, E-30100 Murcia, Spain
(Dated: August 13, 2018)
We show that the τ− decay into f1(1285)pi
−ντ is dominated by a triangle loop mechanism with
K∗, K¯∗ and K (or K¯) as internal lines, which manifests a strong enhancement reminiscent of a
nearby singularity present in the narrow K∗ limit. The f1(1285) is then produced by its coupling to
the K∗K¯ and K¯∗K which is obtained from a previous model where this resonance was dynamically
generated as a molecular K∗K¯ (or K¯∗K) state using the techniques of the chiral unitary approach.
We make predictions for the f1pi mass distribution which significantly deviates from the phase-space
shape, due to the distortion caused by the triangle singularity. We find a good agreement with the
experimental value within uncertainties for the integrated partial decay width, which is a clear
indication of the importance of the triangle singularity in this decay and supports the dynamical
origin of the f1(1285) as a K
∗K¯ and K¯∗K molecular state.
PACS numbers:
I. INTRODUCTION
The hadronic decays of the τ lepton have traditionally
been advocated as one of the best frameworks to study
the low energy sector of the strong interaction and the
hadronic weak currents. (See Ref. [1] for a quick review).
The τ is the only lepton heavy enough to decay into
hadrons, and only mesons can be produced since other-
wise it would require at least a baryon-antibaryon which
have not enough phase space available. Furthermore
there is only energy to produce up to strange mesons and
thus τ decays represent a clean frame to study light fla-
vor meson dynamics. Inclusive reactions allow for precise
determination of parameters of the standard model and
exclusive ones for the study of the mesonic spectrum and
resonance parameters [2]. For instance, the τ → πππν
decay is a priceless reaction to obtain the axial-vector
spectral function [3, 4].
In this work we are concerned with the little studied
decay channel, τ → f1(1285)πντ . This decay is specially
important because it explores the moderate energy region
of f1π invariant mass betweenmf1+mpi ≃ 1420 MeV and
mτ = 1777 MeV which is too high for standard chiral
perturbation theory but too low for perturbative QCD.
Usually theoretical studies have resorted to phenomeno-
logical models, like [5], where ChPT is supplemented with
the inclusion of vectors and axial-vectors through VMD,
or like Nambu-Jona-Lasinio (NJL) models [6–8]. In the
previous works it was concluded the importance of the
role played by the a1(1260) and the a1(1640) axial-vector
resonances.
In the present work we approach the f1(1285)π
−ντ de-
cay from a different point of view and we justify that it
is dominated by a mechanism which in principle should
be small but which is enhanced by a nearby singularity
of the loop involved. This mechanism (see Fig. 1) is the
triangle loop formed by a K∗ and a K¯∗ produced from
the hadronic weak current and then the K∗ (or the K¯∗)
coupling to a K (or K¯) and a π and the K¯∗ (or the K∗)
merges with the previous kaon to produce the f1(1285).
The study of the singularities produced by triangle di-
agrams was brought up by Landau [9] but has gained
renewed interest in view of the increased hadronic ex-
perimental information [10, 11]. The triangle diagrams,
of the kind of the one shown in Fig. 1, produce a sin-
gularity only if the processes involved in the loop ver-
tices can occur at the classical level, (Coleman-Norton
theorem [12]). If the particles inside the loop have a
finite width, the singularity takes the shape of a broad
peak and it can be misinterpreted as an actual resonance.
It can be an important reason for resonance misidenti-
fications together with cusp enhancements [13]. How-
ever, till very recently not many experimental examples
where the triangle singularity played a crucial role had
been shown up. In [10, 14, 15] it was shown that a
peak experimentally observed at COMPASS [16] is es-
sentially produced due to a triangle singularity involving
the decay of the a1(1260) resonance. In other cases an
a priori suppressed mechanism, like the isospin violating
η(1405) → π f0(980), is enhanced thanks to a triangle
singularity [17–19]. An example of triangles producing
peaks not associated at all to a resonance is the peak
obtained in the γp → K+Λ(1405) reaction [20] or in
γp → π0ηp [21]. Even in the heavy quark sector tri-
angle singularities has been predicted to produce peaks
or give an abnormally large contribution [22–24]. Fur-
ther recent examples where the triangle singularity has
played a crucial role for specific processes can be found
in Refs. [25–31].
In the present work we show that the τ → f1(1285)πντ
is also dominated by this kind of enhancement from a
triangle diagram. Actually, considering only this mecha-
2nism, we obtain a good agreement with the experimental
branching ratio. Furthermore, the strength of the process
is crucially determined by the coupling of the f1(1285) to
K∗K¯ and K¯∗K which we obtain from a previous model
[32] where the f1(1285) was dynamically generated us-
ing the techniques of the chiral unitary approach. Thus
the value of the coupling is a genuine prediction of that
picture and the fact that the branching ratio agrees with
the experimental value within uncertainties supports the
dynamical (or molecular) picture of the f1(1285).
II. FORMALISM
We first justify why we expect the τ− → f1(1285)π−ντ
decay to be dominated by the triangle diagram shown
in Fig. 1. First of all, the f1(1285) resonance must be
produced from K∗K¯ and K¯∗K since this resonance was
dynamically generated from this channels in ref. [32]. In
general, the work in ref. [32] evaluated the S-wave in-
teraction of the octet of pseudoscalar mesons (P ) and
the nonet of vector mesons (V ) with the only input of
a lowest order chiral Lagrangian for the V P → V P
interaction. The implementation of unitarity in cou-
pled channels, allowed to obtain dynamically most of
the lowest axial-vector resonances which are identified
by poles in unphysical Riemann sheets of the unitarized
scattering amplitudes. Implementation of higher order
terms in the kernel (potential) in this chiral unitary ap-
proach was found to have negligible effects [33]. From
the residues at the poles, the couplings to the different
channels can be obtained. In particular, and of interest
for the present work, in the isoscalar channel a pole was
found at
√
s = 1288 MeV in the real axis in the phys-
ical sheet from the scattering of the positive G-parity
1√
2
(K¯∗K −K∗K¯) state1, which is the only allowed posi-
tive G-parity combination of a vector and a pseudoscalar
meson with 0 isospin and 0 strangeness. The position
of the pole is 100 MeV below the K∗K¯ threshold and
thus it corresponds to a bound state. The coupling
obtained in [32] for the f1(1285) to
1√
2
(K¯∗K − K∗K¯)
was gf1 = 7230 MeV, if the V P loop functions are
regularized using dimensional regularization. However,
for the reasons explained below, we need the equivalent
three-momentum cutoff if using a cutoff regularization
scheme. This three-momentum cutoff, Λ, turns out to
be Λ = 1000 MeV in order to get the f1 pole at the ex-
perimental mass value. With the cutoff regularization
we obtain now that the gf1 coupling is gf1 = 7475 MeV.
Altogether we can assign for the value of that coupling
1 Note the different G− and C−parity prescription with respect
to ref. [32]. Here we use C|P 〉 = |P 〉 and C|V 〉 = −|V 〉 and
|K−〉 and |K∗−〉 isospin states are −|I = 1
2
, I3 = −
1
2
〉 and thus
the f1(1285) wave function is |f1〉 = −
1
2
|K+K∗− + K0K
∗0
−
K−K∗+ −K
0
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FIG. 1: Triangular mechanism for the τ → f1(1285)pi
−ντ
decay
gf1 = 7350 ± 130 MeV. Therefore, in this model the
f1(1285) resonance can be interpreted as a molecular
K¯∗K and K∗K¯ state and thus in the τ → f1(1285)π−ντ
decay it must be dominantly produced from a K¯∗K and
K∗K¯ through the diagram depicted in Fig. 1. Other dia-
grams with different combinations ofK∗’s andK’s inside
the triangle require V V P or PPP anomalous vertices or
require the coupling of the W− to K¯K which is an order
of magnitude smaller than the coupling to K¯∗K∗, as can
be deduced from the ratio of the phase space allowed in
these decays and the experimental decay value. Further-
more, all those other possible diagrams are not enhanced
by the triangle singularity explained below.
The triangle diagrams of the kind of that shown in
Fig. 1 are usually small except for particular kinematic
conditions which are fulfilled in the present case. As
shown in [12, 34], the triangle presents a singularity when
the particles in the loop are collinear and the process can
occur at the classical level (Coleman-Norton theorem).
In other words, the singularity happens if the three par-
ticles in the loop can go on-shell and the momentum of
the lowest K∗ and the K inside the loop are parallel and
the K meson moves faster than the lowest K∗ so that it
can catch up with the K∗ to rescatter. Mathematically,
this occurs for a value of the incoming energy
√
s (the
f1(1285)π invariant mass) which is the solution of the
equation [34]
qon − qa− = 0, (1)
where qon is the on-shell momentum of theK
∗ in theW−
(or τντ ) rest frame with total energy
√
s, and qa− corre-
sponds to the solution for f1(1285) → K∗K¯ in the W−
rest frame which has negative imaginary part (−iε), with
~q and ~k antiparallel. (See reference [34] to see explicit ex-
pressions for qon and qa− and a justification for Eq. (1)
as well as for further discussion on the origin of the sin-
gularity). It is worth noting that the f1(1285) has a mass
about 100 MeV below the K∗K¯ threshold and then the
singularity cannot explicitly occur since the solution of
Eq. (1) requires the invariant mass of the f1(1285) to
be larger than the threshold of the lowest K∗ and the K.
However, for a value of the invariant mass of the f1(1285)
3τ −
ντ
K*−W
d
su
K*
0s
+
FIG. 2: K∗K¯∗ production at the quark level
leg just a few MeV above the K∗K¯ threshold, a singular-
ity occurs for a value for f1(1285)π invariant mass (Mf1pi)
slightly above 1800 MeV. That value of Mf1pi is never
reached in the present τ decay, since the maximum value
of Mf1pi is mτ = 1777 MeV, but the pole is close enough
to the allowed phase-space as to influence the f1π mass
distribution and benefit from the proximity to the singu-
larity. In any case, the previous semiqualitative discus-
sion about the importance of the triangle mechanism of
Fig. 1 needs to be backed up with its proper quantitative
evaluation which we carry out in the following.
Let us address, next, the evaluation of the τ →
ντK
∗K¯∗ part. The K∗K¯∗ production is assumed to pro-
ceed first from the Cabibbo dominating u¯d production
from the W− which then hadronizes producing an ss¯
with quantum numbers, 3P0, so that the pair has the
vacuum quantum numbers, see Fig. 2. The production
is dominant for final K∗K¯∗ in S-wave and J = 0. This
implies that the initial u¯d pair must be in L = 1, S = 1
to match the parity and angular momentum of the final
K∗K¯∗ pair.
The u¯d production vertex is proportional to 〈u¯d|γµ(1−
γ5)|vu〉. Therefore, up to global constants, the hadronic
part accounting for the W− → K∗K¯∗ must be
Hµ = 〈u¯d|γµ(1− γ5)|vu〉. (2)
In the frame of reference where the W− is at rest, both
u¯ and d quarks have a small momentum since they will
have an invariant mass close to 2mK∗ . Therefore, in the
limit of small momenta of the quarks and for the total
spin S = 1 combination, the quark matrix element of
Eq. (2) reduces to (see Appendix A for explicit details of
the evaluation)
Hµ =
∑
s1
〈1
2
s1|σi|1
2
−s2〉 C
(
1
2
,
1
2
, 1; s1, −s2
)
(−1) 12+s2 .
(3)
with s1 (s2) the spin third component of d (u¯) and C(...) a
Clebsch-Gordan coefficient. Note that Hµ has only space
components in the present case. The phase in Eq. (3)
comes from particle-hole conjugation to account for the
antiquark state.
For the leptonic current, Lµ, accounting for the part
at the left of the W− boson, we have, up to constants,
Lµ = 〈u¯ν(p′)γµ(1− γ5)|uτ (p)〉, (4)
with p (p′) the τ (ντ ) momentum and which satisfy that
~p = ~p ′ in the W− rest frame.
When evaluating the τ decay width, we will need the
sum over the lepton polarizations which will give the
standard result∑
LµLν† = 4
(
pµp′ν + p′µpν − gµνp′ · p+ iǫαµβνp′αpβ
)
.
(5)
For the evaluation of the decay width we will need the
contraction with the hadronic part Hµ from Eq. (3),
which after some algebra (see Appendix A) gives
∑
LµLν†HµH†ν = 24
(
EτEν − ~p
2
3
)
, (6)
where Eτ and Eν , are the τ and the ντ energies in the
W− boson rest frame.
Therefore, for the amplitude τ → ντK∗0K∗−, we can
effectively use
tτ→ντK∗0K∗− = C
(
EτEν − ~p
2
3
) 1
2
~ǫ(K∗) · ~ǫ ′(K¯∗). (7)
with ~ǫ(K∗) and ~ǫ ′(K¯∗) the polarization vectors of the K∗
and K¯∗. In Eq. (7), C is a constant which can be obtained
from experimental data of the partial decay width of τ →
ντK
∗K¯∗. Indeed, using the amplitude of Eq. (7), the
invariant mass distribution of the partial decay width for
τ → ντK∗K¯∗ is
dΓτ→ντK∗K¯∗
dMK∗K¯∗
=
1
(2π)3
p¯ν p˜K∗
4m2τ
3C2
(
EτEν − ~p
2
3
)
(8)
where p¯ν is the ντ three-momentum in the τ rest
frame, p¯ν = λ
1/2(m2τ , 0,M
2
K∗K¯∗
)/(2mτ ) and p˜K∗ the
K∗ three-momentum in the K∗K¯∗ rest frame, p˜K∗ =
λ1/2(M2
K∗K¯∗
,M2K∗ ,M
2
K∗)/(2MK∗K¯∗). Note, however,
that there would be no available phase space for the decay
τ → ντK∗K¯∗ if the K∗ was infinitely narrow. Thus the
τ → ντK∗K¯∗ takes place only because of the tails of the
K∗ and K¯∗ distributions. Therefore, in order to evaluate
the partial width Γτ→ντK∗K¯∗ we need to account for the
finite K∗ widths. We do this by folding the width coming
from Eq. (8) with the spectral distribution of the K∗ and
K¯∗:
Γτ→ντK∗K¯∗ =
∫ (mτ−mpi−mK)2
(mpi+mK)2
dm21
∫ (mτ−m1)2
(mpi+mK)2
dm22
× −1
π
ImDK∗(m1)
−1
π
ImDK∗(m2)
×
∫ mτ
m1+m2
dm12
dΓτ→ντK∗K¯∗(m1,m2)
dm12
(9)
where m1 and m2 have to be used as the masses of
the K∗ and K¯∗ in Eq. (8). Note that Eq. (9) essen-
tially accounts for the five-body phase space for the decay
4τ → ντK∗K¯∗ → ντKπK¯π. In Eq. (9), DK∗(m) stands
for the K∗ propagator. Since the τ → ντK∗K¯∗ only sees
the lowest part of the K∗ tails, it is very important to
have a good parametrization of the K∗ spectral distri-
bution from the Kπ threshold on. Therefore we use an
energy dependent width in the propagators considering
also the Blatt-Weisskopf penetration factors [35] to take
into account the form factor of the K∗ decay into Kπ:
DK∗(m) =
B′1(m)
m2 −m2K∗ + imK∗Γ(m)
(10)
with
Γ(m) = Γo
mK∗
m
p3(m)
p3(K∗)
B′1(m)
2 (11)
where Γo is the total width of the K
∗, p(m) the K or
π momentum in the K∗ rest frame for a K∗ invariant
massm, and B′1(m) is the p-wave Blatt-Weisskopf barrier
penetration factor [35] given by
B′1(m) =
(
1 + (Rp(mK∗))
2
1 + (Rp(m))2
)1/2
(12)
In Eq. (12), R stands for the range parameter of the K∗
for which we use an average of the values reported by the
PDG [36], R = 3.2± 1.0 GeV−1.
The experimental data for τ → ντK∗K¯∗ to get the
global normalization of the K∗K¯∗ vertex, C, can be ob-
tained from the branching ratios quoted in the PDG [36],
BR(τ− → ντK∗−K0π0 → ντπ−K0SK0Sπ0) = (1.08 ±
0.14 ± 0.15) × 10−5 and BR(τ− → ντK−K+π−π0) =
(6.1 ± 1.8) × 10−5, which provide a value BR(τ− →
ντK
∗−K∗0) = (2.1± 0.5)× 10−4.
Once we have the τ → ντK∗K¯∗ part, we next pro-
ceed to evaluate the rest of the diagram in Fig. 1. In
addition to the K∗K¯∗ vertex and the f1(1285)K∗K¯ ex-
plained above, we need also the K∗Kπ vertex that we
obtain from the V PP Lagrangian
LV PP = −ig〈V µ[P, ∂µP ]〉 , (13)
where P (V ) are the usual SU(3) matrices containing
the pseudoscalar (vector) mesons. The coupling g is of
the order of mρ/(2f) = 4.14, with f = 93 MeV the pion
decay constant, but we can fine tune the value for K∗Kπ
vertex from the experimental value of the decay width of
K∗ → Kπ, and we get g = 4.31± 0.10.
The sum of amplitudes for the diagrams of Fig. 1, con-
sidering the V PP couplings of Fig. 1 and the KK¯∗ com-
ponents of the f1 wave function, takes the form, in the
W− (or f1π) rest frame (~P = 0),
tτ−→f1(1285)pi−ντ = −C g gf1
(
EτEν − ~p
2
3
)
~ǫ(f1) · ~k tT ,
(14)
from where the final expression for the mass distribution
of the partial decay width is:
dΓτ→f1piντ
dMf1pi
=
1
(2π)3
p¯ν p˜pi
4m2τ
C2
(
EτEν − ~p
2
3
)
~k2|tT |2
(15)
In Eqs. (14) and (15), tT stand for the triangle loop func-
tion which in the present case reads
tT =i
∫
d4q
(2π)4
2 + ~k · ~q/~k 2
(P − q)2 −m21 + iε
× 1
q2 −m22 + iε
1
(P − q − k)2 −m23 + iε
, (16)
where the labels 1, 2, 3 stand for the particles on the
upper side, lower side and right side respectively of the
triangle in Fig. 1. After performing the integration in q0,
the amplitude in Eq. (16) takes the form
tT =
∫
d3q
(2π)3
2 + ~k · ~q/~k 2
8ω1ω2ω3
1
k0 − ω1 − ω3
1
P 0 − k0 + ω2 + ω3
× 1
P 0 − k0 − ω2 − ω3 + iε
1
P 0 − ω1 − ω2 + iε
× [2P 0ω2 + 2k0ω3 − 2(ω2 + ω3)(ω1 + ω2 + ω3)] ,
(17)
where ω1,2 =
√
m21,2 + ~q
2, ω3 =
√
m23 + (
~k + ~q)2, P 0 =
Mf1pi and k = λ
1/2(P 0
2
,m2pi,m
2
f1
)/(2P 0) is the π− mo-
mentum in the πf1 rest frame. The integral in Eq. (17)
is convergent, however we have to include a three-
momentum cutoff which is the same as the one needed
to regularize the K∗K¯ loop in the dynamical genera-
tion of the f1(1285) within the chiral unitary approach
of Ref. [32]. Indeed, it was justified in Ref. [37] that
if a three-momentum cutoff is used in the V P poten-
tial, it translates into the cutoff needed to regularize the
V P loop function in the evaluation of the unitarized am-
plitude. Furthermore it is also shown in Ref. [37] that
the final V P → V P full amplitude is affected by the
same cutoff for the external momenta in the resonance
rest frame. Since the gf1 coupling we use is obtained
within that model, then we have to limit the momentum
allowed to enter the f1 with the same cutoff, which is
Λ ≡ 1000 MeV in the present case [32]. Since Λ refers
to the three-momentum in the f1(1285) rest frame, we
have to boost the q momentum to that frame, which gives
q∗ = (q∗0
2−m2K∗)1/2, with q∗0 = [(P 0−k0)q0+~q·~k]/mf1 .
Therefore we have to add to the integrand of Eq. (17) the
factor Θ(Λ− q∗), where Θ is the step function.
As mentioned in the discussion around Eq. (1), the
function tT has a singularity if Eq. (1) has a solution.
For the value of the masses of the present triangle there
would be a singularity, located a bit above 1800 MeV, if
the mass of the f1(1285) was about 1390 MeV, which is
not the actual value of the f1(1285) but is not to far away
and hence the amplitude can still have an important en-
hancement even though there is not an exact singularity.
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Furthermore, the singularity only happens strictly in the
limit of narrow resonances in the loop. The usual effect
of considering the finite widths of the resonances inside
the triangle results in a broadening of the peak and thus
the singularity turns into a bump. In order to take into
account the finite widths of the K∗ mesons inside the
loop, we can add a factor iΓK∗/2 in the denominators of
Eq. (17) for each K∗ that can be on-shell in the integra-
tion of the loop.
III. RESULTS
In Fig. 3 we plot the triangle tT as a function of the
f1π invariant mass. In spite of the actual mass of the f1
being about 100 MeV below the required mass to get a
singularity and the broadening caused by the finite K∗
widths, we still see a prominent increase of the trian-
gle function which then justifies the importance of the
triangle mechanism in the present reaction, as antici-
pated in the discussion around Eq. (1). But in order
to see its quantitative relevance we have to see its effect
on the τ → f1(1285)πντ decay width. This is shown
in Fig. 4, where we plot (solid line) the result for the
mass distribution of the branching ratio 1Γτ
dΓτ→f1piντ
dMf1pi
in-
cluding the error band calculated implementing a Monte
Carlo gaussian sampling of the parameters within their
uncertainties. The parameters with errors considered
in the error analysis are: R = 3.0 ± 1.0 GeV−1 (see
Eq. (12)), mK∗ = 894 ± 2 MeV, ΓK∗ = 48 ± 2 GeV,
BR(τ− → ντK∗−K∗0) = (2.1 ± 0.5) × 10−4 (see para-
graph below Eq. (12)), g = 4.31 ± 0.10 (see Eq. (13))
and gf1 = 7350± 130 MeV (see discussion at the begin-
ning of the Formalism section). In Fig. 4 we also plot
(dashed line) the phase space normalized to the area be-
low the solid line. We can see that the strength of the
distribution is clearly shifted towards the higher part of
the spectrum, manifesting the important effect of the in-
creasing tail of the triangle loop (see Fig. 3). This finding
is interesting and the shifted peak is not tied to any res-
onance in the f1π system. In Ref. [8] a possible shift of
the strength of the invariant mass distribution to higher
masses is tied to the a1(1640) excitation. Even though
their distribution peaks at lower energies than ours [8].
The integrated area below the distribution provides the
branching ratio for the τ → f1πντ decay which gives
BR(τ → f1(1285)πντ ) = (3.6± 1.2)× 10−4, (18)
which compares well with the experimental value (3.9 ±
0.5)×10−4 [36] within uncertainties. The agreement with
the experimental result for the overall branching ratio is
a significant and non-trivial result. First of all because
the decay proceeds in our model through the triangle
mechanism which has a non-trivial shape and strength.
On the other hand, the absolute normalization of the
branching ratio depends crucially on the coupling, gf1 of
the f1(1285) to K¯
∗K (and K∗K¯) which is a non-trivial
prediction of the chiral unitary approach, and hence the
result reinforces the idea of the dynamical, or molecular,
nature of the f1(1285) resonance. Experimental results
on this distribution would be mostly welcome to support
or disprove the previous claims.
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6Appendix A: Quark spinor algebra
In this Appendix we detail the evaluation of theW− →
K∗K¯∗ vertex, the steps from Eq. (2) to Eq. (3), and the
explicit steps that lead to Eq. (6).
We work in the rest of reference of the W− or total
K∗K¯∗ pair at rest. In that frame, and since in the present
work we are going to be at an energy range where the
invariant mass of the K∗K¯∗ is of the order of mτ ∼
2mK∗ , the individual K
∗ and K¯∗ are also having small
three-momentum, ~q ∼ 0. Thus
Hµ = u¯d(~q) γ
µ(1− γ5) vu(−~q) ≃ u¯d(0) γµ(1− γ5) vu(0),
(A1)
with the Dirac 4-spinors
ud(0) =
(
χ
0
)
, vu(0) =
(
0
χ′
)
. (A2)
In Eq. (A1) we need the following terms (where we use
the Dirac representation of the γ matrices)
(χ, 0) γ0
(
0
χ′
)
= (χ, 0)
(
I 0
0 −I
)(
0
χ′
)
= 0
(χ, 0) γi
(
0
χ′
)
= (χ, 0)
(
0 σi
−σi 0
)(
0
χ′
)
= (χ, σiχ′)
(χ, 0) γ0γ5
(
0
χ′
)
= (χ, 0)
(
I 0
0 −I
)(
0 I
I 0
)(
0
χ′
)
= (χ, χ′)
(χ, 0) γiγ5
(
0
χ′
)
= (χ, 0)
(
0 σi
−σi 0
)(
0 I
I 0
)(
0
χ′
)
= 0
(A3)
Therefore, only the γi and γ0γ5 contribute. As explained
in the paragraph above Eq. (2), the initial u¯d pair must
be in L = 1, S = 1, to match the parity and angu-
lar momentum of the final K∗K¯∗ pair. The term with
γ0γ5 in Eq. (A3) does not contribute to S = 1. Indeed,
(χ, χ′) = δs1s2 projected over total spin S = 1 gives
∑
s1
δs1s2C(
1
2
,
1
2
, S; s1,−s2, 0)(−1) 12+s2 (A4)
where s1 (s2) is the spin third component of the u (d¯)
quark and C(j,j2, J ;m1,m2,M) the Clebsch-Gordan co-
efficient. Note the phase (−1) 12+s2 coming from the hole
interpretation of the antiparticle where b†(α, s,ms) =
(−1)s+msa(α¯, s,−ms) [38], where b† is the antiparticle
(hole) creation operator and a the particle annihilator.
Thus, for S = 1, Eq. (A4) is zero. The only non-zero con-
tribution for S = 1 comes from the (χ, σiχ′) in Eq. (A3).
(We will use in the following |s1〉 to stand for the spinor
χ and |s2〉 for χ′).
The projection over spin S gives, considering ~σ in the
spherical basis and using the Wigner-Eckart theorem,
∑
s1
〈s1|σµ|s2〉C(1
2
,
1
2
, S; s1,−s2, s1 − s2)(−1) 12+s2
=
∑
s1
C(1
2
, 1,
1
2
; s2, µ, s1)〈1
2
||σ||1
2
〉
× C(1
2
,
1
2
, S; s1,−s2, s1 − s2)(−1) 12+s2
=
∑
s1
√
2
3
(−1) 12−s2C(1
2
,
1
2
, 1; s1,−s2, µ)
√
3
× (−1) 12+s2C(1
2
,
1
2
, S; s1,−s2, s1 − s2)
=−
√
2
∑
s1
C(1
2
,
1
2
, 1; s1, µ− s1, µ)C(1
2
,
1
2
, S; s1, µ− s1, µ)
=−
√
2 δS1 (A5)
where we have used that 〈12 ||σ|| 12 〉 =
√
3 and the property
C(j1, j2, j3;m1,m2,m3)
= (−1)j1−m1
(
2j3 + 1
2j2 + 1
) 1
2
C(j3, j1, j2;m3,−m1,m2),
(A6)
and thus it gives contribution when S = 1. Note that
the final result of Eq. (A5) does not depend on the third
component, µ, of the total spin, S.
For the evaluation of the amplitude squared we need
the contraction with the leptonic part, (see Eq. (6)), and,
since we only have contribution from σi, we only need the
space components of Eq. (5). We will first have terms
that go as ~σ · ~p which contribute to S = 1 as
∑
s1
〈s1|~σ · ~p|s2〉C(1
2
,
1
2
, 1; s1,−s2, s1 − s2)(−1) 12+s2
= p
∑
s1
〈s1|σz |s2〉C(1
2
,
1
2
, 1; s1,−s2, s1 − s2)(−1) 12+s2
= −
√
2 p (A7)
where we have taken ~p in the zˆ direction without loss of
generality and put 〈s1|σz |s2〉 = (−1) 12−s2δs1s2 . We also
have other contributions in Eq. (6) that go as p · p′~σ · ~σ∗
coming from the −gµνp′ · p part in Eq. (5), which will
7contribute to S = 1 as∑
µ
(−1)µ
∑
s1
〈s1|σµ|s2〉C(1
2
,
1
2
, S; s1,−s2, s1 − s2)(−1) 12+s2
×
∑
s′
1
〈s′2|σ−µ|s′1〉C(
1
2
,
1
2
, S; s′1,−s′2, s′1 − s′2)(−1)
1
2
+s′
2
=
∑
µ
(−1)µ
∑
s1
√
3 C(1
2
, 1,
1
2
; s2, µ, s1)
× C(1
2
,
1
2
, S; s1,−s2, s1 − s2)(−1) 12+s2
×
∑
s′
1
√
3 C(1
2
, 1,
1
2
; s′1,−µ, s′2)
× C(1
2
,
1
2
, S; s′1,−s′2, s′1 − s′2)(−1)
1
2
+s′
2
=
∑
µ
(−1)µ
∑
s1
√
3
√
2
3
C(1
2
,
1
2
, 1; s1,−s2, µ)(−1) 12−s2
× C(1
2
,
1
2
, S; s1,−s2, s1 − s2)(−1) 12+s2
×
∑
s′
1
√
3
√
2
3
C(1
2
,
1
2
, 1; s′1,−s′2, µ)(−1)
1
2
−s′
1
× C(1
2
,
1
2
, S; s′1,−s′2, s′1 − s′2)(−1)
1
2
+s′
2
= 2
∑
µ
∑
s1
C(1
2
,
1
2
, 1; s1,−s2, µ)C(1
2
,
1
2
, S; s1,−s2, s1 − s2)
×
∑
s′
1
C(1
2
,
1
2
, 1; s′1,−s′2, µ)C(
1
2
,
1
2
, S; s′1,−s′2, s′1 − s′2)
= 2
+1∑
µ=−1
δS1δS1 = 6 δS1. (A8)
Finally, the term ǫαµβνp′αpβ in Eq. (5) gives zero con-
tribution. Indeed, only space components for µ and ν
are possible since it is contracted with σiσj for Eq. (6).
In addition, since ~p = ~p ′ in the reference frame we are
working on, if α and β are both spatial then it would
be zero since we would be contracting an antisymmetric
tensor with a symmetric one. Therefore the only possi-
ble non-zero contribution would come from ǫ0ikjp′0pk or
ǫki0jp′kp0. Since ǫ
0ijk = ǫijk we have to evaluate some-
thing proportional to
ǫijkσipjσ
∗
k = ~p · (~σ × ~σ∗)
= −
√
2i
∑
ν
(−1)ν+µ
∑
µ
C(1, 1, 1, ;µ, ν, µ+ ν)σµσ∗ν p−ν−µ
(A9)
where we have used the spherical basis for the vectors.
Considering ~p in the zˆ direction and, then, µ + ν = 0,
Eq. (A9) reads
−
√
2i p
∑
µ
C(1, 1, 1, ;µ,−µ, 0)σµσ∗−µ. (A10)
When applying the matrix element 〈s1| · · · |s2〉 pro-
jected over spin S = 1 to Eq. (A10), and using
〈s′2|σ−µ|s′1〉 = (−1)µ〈s′1|σµ|s′2〉, we would have, up to the
global factor −√2ip, the same as in Eq. (A8) but having
C(1, 1, 1, ;µ,−µ, 0) instead of (−1)µ. Therefore we would
arrive to the same last line of Eq. (A8) except that now
it would be
− 2
√
2ip
+1∑
µ=−1
(−1)µC(1, 1, 1, ;µ,−µ, 0)δS1δS1
= 2
√
2ip δS1
(
1√
2
− 1√
2
)
= 0. (A11)
And hence the term ǫαµβνp′αpβ in Eq. (5) does not con-
tribute.
Taking into account the results from Eqs. (A7), (A8)
and (A11), the contraction between the leptonic and
hadronic part of Eq. (6) is
∑
LµLν†HµH†ν
= 4[(−
√
2)|~p ′|(−
√
2)|~p|+ (−
√
2)|~p|(−
√
2)|~p ′|+ 6p · p′]
= 24
(
EτEν − ~p
2
3
)
. (A12)
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